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Let 2’ denote the Dirichlet space, the space of all complex-valued 
functions f such that f is analytic throughout D E (z : 1 z / < I }, f(0) = 0, and 
If’ ) is square-integrable with respect to normalized planar Lebesgue measure 
in D. We formally define the integral operator A on Y by 
(Af)(z)= -J&f(S) ds - [If(s) ds. fE v, Izl < 1. I -u 
The integrals both converge since 
If( ,< Ilfllz! L 1% 1 e11s12 J “t 
If e,(z) = z”/n”‘, n = I, 2, 3 ,..., the set (e, I,“-, forms an orthonormal basis 
for Q. We now compute the matrix for A. Since 
1 1 1 
=znl'2@ + 1) I,,+' - 11 -n';2(n + 1) 
1 
= n’;‘(n + 1) In 
li2en(z) + (n - 1)‘j2 e,-,(z) + ... + e,(z)]. 
A has matrix entries 
cxjk= (Ae,,e,), = 
if j>k>l 
if l<j<k. 
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is an upper triangular matrix. 
f(L)‘* ftf,‘? . . . L&ii” . . . 
1 1 2 I,2 
-(-I 43 
1 2 I z 
-(n+l)n ( I '.. 3 
0 1 T 1 ( ,3 I 
I,? 





Some information about A can be gathered by modifying the methods of 
[ 11: in fact, it will become evident that, in many ways, A * behaves like the 
discrete Cesaro operator. 
Schur test. If alk > 0 (j, k = 1, 2, 3 ,... ), if p, > 0 (j = 1. 2. 3 ,... ). and if ,Q 
and y are positive numbers such that 
7 “ alk P) < bk (k= 1, 2. 3 ,... ), 
“ ajkPk < ?PJ (j= 1, 2. 3 ,... ). -iT 
then there exists an operator T (on a separable infinite-dimensional Hilbert 
space) with ]] Tll* </$J and matrix (aJk) (with respect to a suitable 
orthonormal basis). 
The proof of the Schur test is found in [2]. 
THEOREM 1. A is bounded. 
ProoJ We apply the Schur test with pi =j”‘/(j + l), j = 1, 2, 3..... 
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1!2 kL/’ 
.I/2 7 1 
kfl=J 
.,/2 -&’ dx 
k:, (k+ 1)2 ‘J !- j X2 
1 =&d-= 
J j + 1 j”’ 
2Pj* 
It follows from the Schur test that ]]A ]I2 ,< 2. 
THEOREM 2. If 1 i - 1) < j, then L is a simple eigenvalue of A; A has no 
other eigenvalues. 
Proof: Observe that 




- (n + 1)1:2 0 + 1) = n’!2(n + ,)f@). 
SO f(n) = (n + l)g(n) - n”‘(n + 1)“’ g(n + 1). If Af = AL then f(n) = 
(n + 1) )if(n) - n “‘(n + 1)“2 y(n + 1) or Ln”2(n + 1)li2 f(n + 1) = 
[(n + 1) II - 1 ] f (n). It follows that 0 is not an eigenvalue of A (if A= 0, then 
f(n) = 0 for all n). So f must satisfy 
f(n+ l)= (?)“’ [l-.3(n: ,)JfW. 
and hence 
f(n) = n”’ [fi (1 -~)]f(l), n>2* 
From this we conclude that any eigenvalues of A must be simple. We now 
want to know what nonzero values of 1 will result in the convergence of 
c,“= 1 If (4’. s ince the ratio test fails, we turn to Raabe’s test [3, Theorem 
II, p. 3961. We find that 
If WI2 
If (n + I)/’ - ’ = 
-(n+l)]A]2+(n+1)@+1)-1 
(n+ l)21A12-(1+A)(n+ l)+ 1 
and hence 
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By Raabe’s test. the series converges for (1, + j);;li’ - I 1 1 and diverges 
for (1 + j)/lL 1’ - 1 < 1: equivalently. the series converges for li - i ~ < ! 
and diverges for I,4 - j / > i. Raabe’s test fails for ‘1 - ! 1 = 4: preparing to 
use a more refined test for this case. we compute 
n I 
If WI’ 
If(n + 1 )I? - 1 - 1 
since 1L-ji=;, we haveL+j-2/i/‘=Oand hence 
!!2 “” 
\ 
In I If (n)lz If(n + l)l* - ’ - ’ ( 
Inn \(-31~1’+2(~+;i)-lIn+[-I~/‘+(~+~)-l)) 
= lim - 
n- ‘X II I IAl* n + [Ill’- (A +;i) + 11(1/n) \ 
=o. -3/4’+2(2+&- I =. 
(Ai’ 
From [3, Theorem III, p. 396 ( we conclude that the series xc , /f(n)/’ 
diverges if 11 - $ = i. 
We remark that iff is an eigenvector of A withf( 1) = 1. then from ( 1) we 
obtain 
Since the eigenvector f corresponding to the eigenvalue I = l/m, m > 2. is a 
polynomial of degree m - 1, it is easy to see that the eigenvectors of A span 
cf. 
THEOREM 3. The point spectrum of A* is empty. 
ProoJ If A*f = g, then g(n) = (l/(n + 1) n”I) xi_, k”?f(k); conse- 
quently, (n + 1) n ‘I* g(n) - n(n - 1)“’ g(n - 1) = n”‘f(n), or f(n) = 
(n + l)g(n) - n”* (n- l)‘!*g(n- 1) if n>2. So ifA*f=J.fwithfnonzero, 
thenf (n)=I.(n + l)f(n)-kz”‘(n- l)““f(n- l), or 
[A(n + 1) - I ] f (n) = Ln’,“(n - 1)’ ‘f (n - 1). n > 2. (2) 
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If m is the least positive integer for which f(m) # 0, then L = l/(m + l), so 
0 < A< 4. It follows from (2) that if k > 1, then 
If(m + k)l = (l/k)(m + k)“’ (m + k - 1)“’ If(m + k - l)I 
>If(m+k- 111. 
which makes it impossible for Cn”=, If(n)/’ to converge for a nonzero f: 
THEOREM 4. 11; -A II = 4, IIA II = 1, and the spectrum of A is the closed 
Proof. It is routine to compute that 
I I 1 1 1 
104’ “. 4 6 21,’ 8. 3’.? 2(n+l)n’ 2 
I I 3 3 3 
~ “’ “’ fj . 2’,2 6 12 (jl’? 15. 8’ ’ 3(n+l)(Zn) ’ 
I 3 I 6 6 
~ “’ “’ 8 . 3’,’ 12 6”? 8 20 . 12”? 
.4*A= 
4(n+1)(3n)’ : 
I 3 6 I 10 - 
... 10.412 15 8”? 20 12’ z 10 S(n+1)(4n)“? 
I 3 6 10 W)(n+ 1) 
2(n+‘I)n”z 3(n+1)(2n)“* 4(n+1)(3n)“’ 5(n+1)(4n)’ ? ... (n+l)‘n “’ 
It turns out that f (A * + A) -A *A is a diagonal matrix with diagonal 
(1/2(n+l)}~=,. Therefore (f-A*)(+-A)=a-{j(A*+A)-A*A} is a 
diagonal matrix with diagonal {(n - 1)/4(n + l)},“=,. It follows that 
11; -All* = 4. 
Since IIf -AI) = j. the spectrum of i -A is contained in the closed 
disk{A : 11 I < f }; consequently, the spectrum of A is contained in the closed 
disk{A : If -A I < f }. From Theorem 2 we know that the spectrum of A 
includes the open disk (A : 1 f - A I < i }. Because the spectrum of an operator 
is a closed set, we are forced to conclude that the spectrum of A is the closed 
disk{A : I{ -AI <j}. 
Since the spectral radius of A is 1, we know that IIA 1) > 1; from the fact 
115 -A I/ = f we conclude that Il.4 jJ < 1. Therefore (IA II= 1. 
Let W(A) denote the set of all complex numbers of the form (AJf), where 
/IfI/ = 1; W(A) is called the numerical range of A. 
409’9@? 17 
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LEMMA. If B is an operator and /1 is a complex number such that /A, = 
l/B 1) arzd 1 E W(B). then ,I is an eigencalue of B. 
The proof of this lemma appears in [Z. p. 3 19 1. 
THEOREM 5. The numerical range of‘ A is the open disk{ 1 : 1 i - ,I / < : ). 
ProoJ If A is an eigenvalue of A, then it is clear that 2 E W(A); hence 
(J:If-Jl<i}~lf’(A) by Theorem2. Assume I&f]=+; then IL+]= 
I/A - 4 ]/ (by Theorem 4) but A- + is not an eigenvalue of A - : (by 
Theorem 2). It follows from the lemma that 1 - 4 & W(A - f) and hence 
A66 W(A) when IA-f]=+. If ]A-;I>+. then A@ W(A) since W(A) is a 
convex set [2, p. 1 lo]. 
THEOREM 6. A* is hvponormal. 
Proof. The matrix AA* has the form 
al 2 ‘.‘2a2 3”2a, . . . 
n”? 
a, ..’ 
2’j2a2 2a2 6”‘a, . . . (2n)‘;! a, . . . 
3 ‘;Zaj 6 ‘;za2 % . . . (3n)lf2a, . . . 
Ii2 
n a, (2n)“‘a, (3n)“‘a, ... na, ... 
. . 
where aL = xFzL (l/k(k + 1)2); the matrix A*A is displayed in the proof of 
Theorem 4. The infinite matrix AA* -A *A is positive if and only if all of its 
finite sections S, have positive determinants; the problem of demonstrating 
the hyponormality of A* is therefore reduced to the evaluation of the deter- 
minant of S,, where 
p, 2’;2p, 3’:2p, . . . 
with p, = aL - 1/2(L + 1) L, 1 <L < n. We multiply the second column by 
(f ) ‘12 and subtract from the first, then multiply the third column by (+)“I 
and subtract from the second, and in general multiply column k, 2 < k < n. 
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by ((k - 1)/k)“* and subtract from column k - 1. The resulting matrix has 
the same determinant as S, and is upper triangular; its determinant is the 
product of its diagonal elements k(/l, - Pk+ ,), 1 < k < n - 1, and np,. To 
complete the proof it suffices to show that {pk]T=, is positive and decreasing. 
It is routine to verify that 
Pk-Pk+I = 
1 
k(k + I)’ (k + 2) 
and hence the sequence (/Ik}~!, is (strictly) decreasing. If k > 1, then 
p,/? 1 
,z j(j+ ‘I2 
and 
Pk ’ lk;, $ - a/+‘+ 1) ’ + [ (k - :;;(: + I)] ’ 
so it is clear that {/Ik} converges to 0. The sequence (PA} must be positive 
since it is a decreasing sequence which converges to 0. 
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